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Abstract
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visibility chromatic number. To solve this problemy this research employs
two complementary approaches: a heuristic algérithm based on simulated
annealing, which is efficient for exploring the solution space in large graphs,
and an exact approach using integer linear (programming, which guarantees
finding the optimal solution for graphs of smaller dimensions.
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1. Introduction

Let G be a connected graph. The distance between two vertices u and v in G,
denoted by d(u,v), is defined as the number of edges in a shortest path joining u
and v. The diameter of a graph G, denoted diam(G), is the maximum shortest-
path distance between any two vertices in G.

Let G be a graph and let X C V(G). The subset X is said to be a mutual visi-
bility set of G if, for every two vertices u,v € X, there exists a shortest (u,v)-path
P, , containing no other vertices of X. This problem attracts significant attention
owing to its applicability to many practical problems, including the mobile robot
problem; see [1, 2]. This notion was introduced by Di Stefano in [3] and has since
been the subject of extensive research. In particular, the computational complex-
ity of the problem was investigated in [3], where its NP-hardness was confirmed.
Furthermore, in [4-6], mutual-visibility sets were studied with respect to several
graph products. Recently, Hamed-Labbafian et al. [7] extended this line of re-
search by investigating mutual visibility in hierarchical graph products{®proposing
a genetic algorithm, and presenting several applications of the concept:

Vertex coloring is a fundamental problem in graph theory, aiming)jto assign
colors to the vertices of a graph. Due to numerous practical applications, various
extensions of vertex coloring have been proposed. A recent variant, introduced by
Klavzar et al. in [8], is known as mutual-visibility coloringwhere each color class
is required to be a mutual-visibility set. Hence, mutual-visibility coloring extends
classical vertex coloring by incorporating visibility gonstraints. The minimum
number of colors needed for a mutual-visibility coloring™of a graph G, denoted by
Xu(G), is called the mutual-visibility chromatic niynber of G. It has been shown in
[9] that computing the chromatic number of the wisibility graph is NP-complete.
Moreover, an approximation algorithm for this) problem was presented in [8].
These complexity results motivate the development of efficient exact and heuristic
solution methods for the problem. Since the Mutual-Visibility Coloring problem
is N P-hard, we first propose a Simulated Annealing (SA) algorithm, which is the
first metaheuristic approach developed for this problem. The algorithm is appli-
cable to arbitrary graph classes and is capable of finding near-optimal solutions
within reasonable computational time. Furthermore, to obtain exact solutions
and provide a benchmark for evaluating the heuristic, we present the first Integer
Linear Programming (ILP) formulation for the mutual-visibility coloring problem.
The ILP model provides an exact optimization framework for computing optimal
solutions; however, due to the large number of variables and constraints in the
formulation, it is primarily suitable for small- and medium-sized graph instances.
Finally, extensive computational experiments demonstrate the effectiveness of both
approaches and show that the exact solutions obtained by the ILP model provide
reliable benchmarks for assessing the performance of the SA algorithm.

In this work, Section 3 presents a metaheuristic algorithm designed to address
the problem. Section 4 is devoted to the formulation of a linear programming
model. Section 5 reports the computational results and presents a comparative
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performance analysis of the proposed approaches.

2. Mutual-visibility coloring

Let G be a connected graph. A vertex coloring ¢ : V(G) — C is called a mutual-
visibility coloring of G if, for any two vertices z,y € V(G), the following condition
holds: Vertices x and y receive the same color, i.e., p(x) = ¢(y), if there exists
a shortest x, y-path whose internal vertices are colored with colors different from
p(z) and p(y). In particular, if  and y are adjacent, they may receive the same
color. The minimum number of colors required in a mutual-visibility coloring of
G is called the mutual-visibility chromatic number of G, denoted by x,.(G).

To illustrate the concept of mutual-visibility coloring, Figure 1 presents two color-
ings of the (5, 6)-fullerene graph (Generalized Petersen graph). Figure 1(a) shows
a valid mutual-visibility coloring using four colors. In contrast, Figure 1(b) il-
lustrates an invalid coloring. Although the highlighted vertices receive the same
color, every shortest path connecting them contains an internal vertex(with the
same color. Hence, the mutual-visibility condition is violated, and the“eoloring is
not a mutual-visibility coloring.

(b)

Figure 1: (a) A valid mutual-visibility 4-coloring of the (5, 6)-fullerene (Generalized
Petersen) graph. (b) An invalid 4-coloring, where the two vertices in color class 3
violate mutual visibility due to an internal same-colored vertex on every shortest
path.

3. Simulated annealing algorithm for
mutual-visibility coloring of graphs

In this section, we present a SA algorithm for solving the mutual-visibility color-
ing problem. The proposed approach combines a binary search framework with
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a fitness-guided SA procedure to compute the mutual-visibility chromatic num-
ber. The main components of the proposed method are described in the following
subsections.

3.1 Simulated annealing and fitness function explanation

The algorithm takes as input the graph G and the number of available colors k.
The initial value of k is obtained from the upper bound on the mutual-visibility
chromatic number presented in [8]. A binary search strategy is then employed
to determine the minimum feasible number of colors. At each iteration, the SA
algorithm is executed to determine whether a feasible mutual-visibility coloring
exists using k colors. If a feasible coloring is found, the upper bound is updated
and a smaller value of k is tested; otherwise, the lower bound is increased. This
process continues until the minimum feasible number of colors is identified.

For a given value of k, the algorithm generates an initial random coloring C,
assigning each vertex of the graph a color from the set {1,...,k}. This initial
solution is then evaluated using the FITNESS function, yielding (f, conf)s F(C).
Simultaneously, a variable Chest is defined to store the best solutions found during
the algorithm based on the highest fitness value.

If the initial coloring achieves perfect fitness (f = 1), the@lgorithm terminates,
and this solution is returned as the optimal mutual-visibilityr coloring. Otherwise,
for each current solution C, a set of neighboring sélutions’is generated. The
number of neighbors is equal to the number of verticés |W/|, where each neighbor
differs from the current solution in the color of exactly’one vertex while other colors
remain unchanged. This ensures that the search space is explored in a controlled
and incremental manner, allowing local improvements.

Next, using the fitness function, the valie) f’ of each neighbor is computed,
and the best neighbor with the highestefitness is selected and stored in C’. The
value f’ is compared with f,est, andAf ityis higher, Clegt is updated. The current
solution C is then replaced by €7, and the main loop continues.

During the algorithm, if the, fitness of a neighbor f’ is lower than the current
f, it may still be accepted according to the Boltzmann criterion. First, the fitness
difference is computed as A = f’ — f, and the acceptance probability is:

where T is the current temperature. A random number r € [0, 1] is generated. If
r < p, the neighbor C’ is accepted as the current solution C, even if it is worse
than the current solution. This mechanism allows the algorithm to escape local
minima and explore a broader search space.

Unlike the classical simulated annealing framework, where a single neighbor
solution is randomly selected at each iteration, the proposed implementation eval-
uates a set of candidate neighbors and chooses the best one according to the
objective function. Random-neighbor selection provides stronger diversification
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by exploring the search space more broadly and decreasing the probability of pre-
mature convergence to local optima. However, this strategy may slow down the
convergence process. The best-neighbor strategy, although computationally more
expensive, provides a more guided search and generally leads to higher-quality
solutions in fewer iterations. Since the instances considered in this work have
moderate sizes, the additional computational cost of evaluating multiple neigh-
bors is acceptable, and the resulting improvement in convergence and solution
quality justifies this choice.

After each iteration, the system temperature 7" is gradually decreased using
the cooling factor a provided as an algorithm input:

T+ TXa.

Gradual cooling ensures that in the early stages, weaker solutions are more likely
to be accepted (increasing search diversity), while at lower temperatures, the al-
gorithm performs a more precise and local search toward optimal solutions.

The algorithm continues iterating until one of the predefined stopping cri-
teria is satisfied. In the proposed approach, the stopping criterion s, problem-
dependent. Specifically, the algorithm terminates if a feasible mutual-visibility
coloring is found, i.e., when the fitness value reaches 1, indicating that no mutual-
visibility conflicts remain. Otherwise, the search continuésjuntil the maximum
number of iterations is reached, in which case the best solution found during the
search is returned.

3.1.1 Fitness function evaluation

In the first evaluation step, based on the currént coloring C, vertices are grouped
according to their color. That is, if a vertex v has color i, it belongs to the color
class C;.

According to the mutual-visibility ‘eoloring problem definition, between any
two vertices u and v of the same-¢oler, there must exist at least one shortest path
that does not contain any other vertex of the same color.

The algorithm checks all possible pairs (u,v) of vertices with the same color
and computes all shortest paths between them. If none of these paths satisfy the
condition (i.e., all paths contain at least one other vertex of the same color), the
total conflict count f is incremented by one. Otherwise, the conflict count remains
unchanged.

Finally, the fitness of the solution is calculated as:

Fitness = L
1+f
The lower the number of conflicts f, the higher the fitness value, indicating a better
solution. This fitness value is then used in the simulated annealing algorithm for
neighbor selection and updating the best solution. The steps of the algorithm are
presented in Algorithm 1.
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Algorithm 1 Simulated annealing for mutual-visibility coloring

Require: Graph G(V, E), number of colors k, maximum iterations N, initial tem-
perature Tp, cooling rate o (0 < av < 1)
Ensure: Best coloring Chegt, best fitness fpest
1: Generate an initial random coloring: C' +— RANDOMCOLORING(G, k)

2: Evaluate C' using the FITNESS function: (f,conf) < FITNESS(G, ()
3: C’bcst < Ca fbcst — f> confbest — Conf

4: T+ Ty

5. for iter =1 to N do

6:  Generate neighbors of C' by changing the color of only one vertex
7. Compute the fitness of each neighbor using the FITNESS function
8  Set C’ to the neighbor that has the maximum fitness value

9:  (f',conf’) + FITNESS(G, ")

10 A+ f'—f

11:  if A > 0 then

12: accept < True

13: else

14: p < eB/T)

15: Accept the neighbor probabilistically using the-Boltzmann criterion
16: accept + (RANDOM(0,1) < p)

17:  end if

18:  if accept then

19: C+C, f+ [, conf <« conf’

20: if f> frest OF (f = foest andeon’f < con frest) then

21: C'best — C/7 fbest — f/a confbest — conf’

22: end if

23:  end if

24: T+ TxX«
25:  if fpest = 1.0 then

26: break
27:  end if
28: end for
29:

30: return (Chest, foests CON fest)
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3.2 Computational complexity analysis

The proposed SA algorithm consists of two main phases: a preprocessing phase
and an iterative optimization phase.

Before the optimization process begins, all shortest paths between every un-
ordered pair of vertices are computed and stored in a cache. Let P, , denote the
set of all shortest paths between vertices u and v. This preprocessing stage is
performed only once and eliminates the need to recompute shortest paths during
the search process. Let P = > _ [P/, denote the total number of shortest
paths stored in the cache, where P, , is the set of all shortest paths between ver-
tices u and v. The preprocessing stage consists of two steps. First, shortest-path
distances are computed from every vertex to all other vertices. For an unweighted
graph, this requires O(n 4+ m) time per source vertex, yielding a total complexity
of O(n(n+m)). Second, all shortest paths are enumerated and stored in the cache.
Since a total of P shortest paths are stored and each path contains, on average, L
vertices, this step requires O(PL) time. Therefore, the overall complexity of the
preprocessing stage is

O(n(n+m)+ PL),

where n and m denote the numbers of vertices and edges, respectively, and L
denotes the average length of a shortest path.

Assume that the vertices are partitioned into color classesCy, Cs, . .., Cy, where
|Ci| = s;. For each color class, the fitness function ‘examines every pair of ver-
tices having the same color. Since all shortest paths arefalready available in the
cache, the algorithm only inspects the internal vertices of the stored paths to ver-
ify the mutual-visibility condition. Consequentlyy the complexity of one fitness

evaluation is O Zle > uwed; |Pu,v|L). In' sparse graphs, where the number
u<v

of shortest paths between two vertices,is typically small, this complexity reduces

approximately to O(Zle sf), which s Bounded by O(n?) in the worst case.
During each iteration, one neighboring solution is generated for every vertex by

changing its assigned color. Therefcre, the neighborhood contains O(n) candidate

solutions. Since each candidate solution requires one fitness evaluation, the com-
putational complexity of a single iteration becomes O (n Zf:l > uvec; |Puvl L).
u<v

For N iterations, the total complexity of the optimization phase is

k
O|Nnd Y |PuulL

i=1 u,veC;
u<v
Finally, the cache stores all shortest paths between every pair of vertices. Hence,
the memory requirement is O(PL), where P =) P, .| is the total number of
stored shortest paths.

u<v ‘
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4. Integer linear programming model for the
mutual-visibility coloring

In this section, we present the ILP model for the mutual-visibility coloring problem.
We begin by defining the decision variables, followed by four essential constraints
that describe and enforce the logical structure of the problem.

Definitions and variables

Let G = (V,E) be a graph with n = |V| vertices. According to the upper
bound theorem in [8], the maximum number of colors is assumed to be kpq =

(n(G’) —A(G)+2

variables are defined as follows:

1, where A(G) is the maximum degree of the graph Gl Decision

o z; € {0,1} fori=1,...,kmas: x; = 1if color i is usedand z; = 0 otherwise.

ey, € {0,1} for each i € {1,....,kpmas} aiid ®’' € V: y;,, = 1 if vertex v is
colored with color i, and y;, = 0 otherwise: .

® Zuvpi €{0,1} for each vertex pair (u,v), each shortest path p € P, ,, and
each color 7. The variable zy, p; takes the value 1 if color ¢ does not appear
on any internal vertex of path p; otherwise, it takes the value 0, meaning
that at least one internal vertex of the path is assigned color .

Model explanation

The goal is to minimize the number of active colors. Basic constraints ensure that
each vertex receives exactly one color and that colors without any assigned vertex
remain inactive. The mutual-visibility constraints ensure that if two vertices u
and v share the same color ¢, there exists at least one path p € P, , with no vertex
of color 1.
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Complete ILP formulation
The full ILP model is as follows:

Kmax
min Z T;
i=1
k’max
s.t. Z Yio = 1, Yv eV,
i=1
(Each vertex receives exactly one color),
Yiv < Ty, Vi=1,...,kmnaz, YOEV,

(Color active only if used),

Yiu + Yiv — Z Zu,v,p,i <1, V’UJ,U eV, u 7£ v, Vi = 1,.. '7kmaz7

PEPy,v
(Mutual-visibility condition),
Zuwpi + Yiw < 1, Yu, v, Yp € Py, Yw € Int(pyNVi;
(Path vertices cannot.usecolor 7),
Ty in-‘rla Vi:1,...7kmax—l,
Zyiv > Zy(i+1)vv Vi=1,... kmad—%
veV veV
wiayiv»zu,v,p,i € {Oa 1} Vivuvvvp'

where Int(p) denotes the set of internal vertices of the shortest path p.

Constraint descriptions

Since the objective of the problem is to determine the minimum number of colors
required to obtain a mutual-visibility coloring of a graph, the objective function
is defined as min Zfznl” x;.

Here, the binary variable x; indicates whether color ¢ is used in the coloring.
Since each vertex must be assigned exactly one color, the following constraint is
imposed:

kmaa

dyw=1 WweV (1)
=1

This constraint guarantees that every vertex receives exactly one color.
Furthermore, if a vertex is assigned color 4, then color ¢ must be activated in the
solution. This relationship is enforced by the following constraint:

Yio < T4, Vi=1,...,kmaz, YO E V. (2)
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The most important part of the formulation is the enforcement of the mutual-
visibility condition. According to the definition of the problem, if two vertices u
and v receive the same color 4, then there must exist at least one shortest path
between them whose internal vertices are not assigned color ¢. This requirement
is modeled by the following constraints:

yiu+yiv_ Z Zu,v,p,i S 17 VumEV, ’U,#’U7 Vi:lu“wkmaz? (3)
PEPu,v

and
Zuw,pi T Yiw <1, Yu,v €V, Vp € Py, Yw € Int(p), Vi=1,..., kmaa- (4)

To clarify the role of these constraints, suppose that two vertices v and v are both
assigned color 4, that is y;,, = ¥4, = 1. Substituting these values into the first
constraint yields >° Pu., Zuwp,i = 1. Therefore, there exists at least one shortest
path p between v and v such that z, 4, = 1.

Now, by the second constraint, for every internal vertex w of this pdth we have
Zu,v,pi T Yiw < 1. Since zy4,p, = 1, it immediately follows that

Yiw = 0, Yw € Int(p).

Hence, none of the internal vertices on the selected shortest pathyis assigned color
1. Consequently, the vertices v and v satisfy the mutual-visibility condition.

Symmetry-breaking constraints

Since the color labels are interchangeable, the IR formulation admits many sym-
metric optimal solutions corresponding to perfutations of the same coloring. To
reduce this symmetry and improve the efficiency of the branch-and-bound search,
we incorporate the following symmetry-breaking constraints.

First, the color activation variables ‘are ‘enforced to be consecutive:

$i2$i+1, izl,...,kmax—l. (5)

This guarantees that color 7 + 1 cannot be used unless color 7 is also used.
Furthermore, the sizes of the color classes are required to be non-increasing;:

Zyiv > Zy(i+1)'t)7 1= 17"'7kma171' (6)

veV veV

These constraints eliminate equivalent symmetric solutions without excluding any
feasible coloring or changing the optimal objective value.

The above discussion shows that every feasible solution of the proposed ILP
model induces a valid mutual-visibility coloring of the graph. We now prove the
converse, namely that every valid mutual-visibility coloring of the graph can be
transformed into a feasible solution of the ILP formulation by satisfying all of its
constraints (after an appropriate relabeling of the color classes).
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Lemma 4.1. For every valid mutual-visibility coloring of a graph G, there exists
an equivalent feasible solution to the proposed ILP formulation.

Proof. Let ¢ : V — {1,...,h} be an arbitrary valid mutual-visibility coloring of G,
where h denotes the number of colors used by ¢. Since kp.x is a valid upper bound
on the mutual-visibility chromatic number of G, we have h < k.. Since color
labels are arbitrary, we may relabel the colors without affecting the coloring so
that the used colors are indexed consecutively by 1,2,...,h, and the color classes
are ordered in nonincreasing cardinality.

We define the decision variables as:

)1, ifg(v) =4, )1, if color i is used,
Yiv = 0, otherwise, v 0, otherwise,
where ¢ = 1,..., h. Furthermore, for every pair of vertices u, v with ¢(u) = ¢(v) =
1, the definition of a valid mutual-visibility coloring guarantees the existence of
at least one shortest path p € P, , whose internal vertices are not colored 7. For
every such witnessing path, we set 2y 4 = 1.
We now verify that all constraints of the ILP formulation are(satisfied. Since

every vertex receives exactly one color, exactly one variablesy;s\equals 1 for each
vertex v. Hence,

kxnax

> viw=1

i=1
and Constraint (1) is satisfied. If y;,, = 1, thenyvertex v is assigned color 1.
Therefore, color 7 is used, implying x; = 1. Conséquently, y;, < x;, so Constraint

(2) holds.

Now suppose that vertices v and v arevassigned the same color ¢. Then, y;, =
Yiv = 1. Since ¢ is a valid mutual-visibility coloring, there exists at least one
witnessing shortest path p € Py ,. Therefore,

§ Zu,v,p,i Z ]-7

pepu,v

which yields

Yiu +Z/w - Z Zu,v,p,i S 2 — 1 = 1
pePu,v

If w and v are not both assigned color i, then at least one of y;, and y;, equals 0,
and the inequality is satisfied trivially. Hence, Constraint (3) holds.

Next, let 2z, = 1. By construction, p is a witnessing shortest path whose
internal vertices are not colored i. Thus, for every w € Int(p), we have y;,, = 0,
implying

Zu,v,p,i + Yiw = 1+0=1<1.
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If 2y,0,p,i = 0, the inequality also holds immediately. Therefore, Constraint (4) is
satisfied. Since the used colors have been relabeled consecutively, we have x; = 1
for1 <i<handxz; =0for h <i<knax. Hence,

$i2$i+17 /é:ly--'7kmax_17

and Constraint (5) holds. Finally, because the color classes have been ordered by
non-increasing cardinality,

Zyiv > Zy(i+1)va 1= 17---7kmax717

veV veV

which verifies Constraint (6).

Therefore, all constraints of the ILP formulation are satisfied. Hence, every
valid mutual-visibility coloring, after an appropriate relabeling of its color classes,
corresponds to a feasible solution of the proposed ILP model. O

4.1 Computational complexity analysis

Let n = |V denote the number of vertices of the graph, and let P =%, =, | Py | be
the total number of shortest paths between all unordered pairs®6f*vertices, where
P, , denotes the set of all shortest paths between verticesy and”. Furthermore,
let L denote the average number of internal vertices of a shoxtest path.

The proposed ILP formulation introduces three classes of binary variables. The
variables z; indicate whether color 7 is used, resultinghin/n binary variables. The
assignment variables y; , specify whether vertexy» i§.assigned color i, yielding n?
binary variables. Finally, for every color, every shertest path, and every pair of
vertices, the formulation introduces one bimary-variable z, . p;. Therefore, the
total number of path variables is nP. Cgnsequently, the total number of binary
variables is

nFn?+ nP,

which is dominated by the path variables whenever the number of shortest paths
becomes large.

The formulation consists of six groups of constraints. The assignment con-
straints require each vertex to receive exactly one color, producing n constraints.
The linking constraints between z; and y; , contribute n? constraints. The visibil-
ity constraints that connect vertices having the same color generate one constraint
for every unordered vertex pair and every color, resulting in O(n3) constraints.
Finally, the path constraints relate each path variable to every internal vertex of
the corresponding shortest path. Since each stored path contains, on average, L
internal vertices, these constraints contribute O(nPL) constraints.

In addition, two groups of symmetry-breaking constraints are incorporated. The
first group enforces consecutive activation of colors (Constraint (5)), while the sec-
ond requires the color-class sizes to be ordered in a non-increasing manner (Con-
straint (6)). Together, these constraints contribute an additional 2(kye. — 1) =
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O(n) constraints.

Hence, the total number of constraints remains O(n3 +nPL). Regarding memory
consumption, the formulation is dominated by the path variables and their associ-
ated constraints. Therefore, the memory requirement is proportional to O(nPL).
The computational complexity of solving the proposed ILP formulation is deter-
mined primarily by the branch-and-bound procedure employed by modern MILP
solvers. Since binary integer programming is NP-hard, the worst-case running
time is exponential in the number of binary variables. Consequently, the proposed
formulation is intended primarily for small- and medium-sized graph instances,
where optimal solutions can still be obtained within reasonable computational
time.

Although the introduced symmetry-breaking constraints do not change the asymp-
totic complexity of the formulation, they reduce the number of equivalent sym-
metric solutions explored by the branch-and-bound solver, thereby improving its
practical performance.

It is worth noting that the size of the formulation depends directly off the total
number of shortest paths in the graph. For many sparse graph classes_considered
in this paper, this number remains moderate. However, for graph families pos-
sessing a large number of shortest paths, such as grid graphs, lypercubes, and
other highly symmetric graphs, the number of shortest pathsymay grow exponen-
tially. Consequently, the number of path variables and constraints also increases
significantly, which limits the practical applicability of,the exact ILP formulation
to relatively small instances. Nevertheless, these exagt solutions provide reliable
benchmarks for evaluating the quality of heuristic d@lgorithms. The size and com-
putational complexity of the proposed ILP formulation, including the numbers
of binary variables, constraints, and memoryi requirements, are summarized in
Table 1.

Table 1: Sizelof the proposed ILP formulation.

Component Size
Binary variables z; n
Binary variables y; , n?
Binary variables 2y 4 p.i npP
Total binary variables O(n* + nP)
Assignment constraints n
Linking constraints n?
Visibility constraints O(n?)
Path constraints O(nPL)
Symmetry-breaking constraints  2(kpqey — 1) = O(n)
Total constraints O(n® +nPL)

Memory requirement

O(nPL)
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5. Comparison of theoretical and computational results

Several solution approaches have been proposed in the literature for the mutual
visibility coloring problem, including the ILP model introduced in section 4, the
greedy algorithm proposed in [8], and the SA metaheuristic described in section
3. Although the ILP model is an exact optimization method capable of finding
optimal solutions, its practicality is limited by the rapid growth in the number of
variables and constraints as the graph complexity increases. Consequently, this
approach is only feasible for small-sized graphs. For larger graphs, the compu-
tational time increases dramatically, making the method practically intractable.
Similarly, as stated in [8], the greedy algorithm requires repeated computation of
mutual-visibility sets, whose determination is NP-hard for general graphs. Con-
sequently, the algorithm runs in polynomial time only for graph classes in which
the mutual-visibility property can be tested in polynomial time, whereas for ar-
bitrary graphs, its repeated solution of an NP-hard subproblem prevents it from
being a general-purpose polynomial-time algorithm. For these reasoiis, the SA
metaheuristic is employed in this work. Unlike the greedy algorithm, SANis appli-
cable to arbitrary graph classes without requiring polynomial-time ‘comnputation
of mutual-visibility sets. Moreover, SA demonstrates the high camputational ef-
ficiency, and its accuracy and effectiveness are clearly refleetéd in the reported
results.

In what follows, we present a table summarizing the results obtained by applying
SA and ILP to several graphs. All experiments were carried out in Python 3.11.5,
using the PuLLP 3.3.0 optimization package, on a laptopequipped with an Intel(R)
Core(TM) i5-4300M processor running at 2.60NGHZ and 64 GB of RAM. The
ILP model was solved using the COIN-OR Brangh-and-Cut (CBC) MILP Solver
(Version 2.10.3) with its default parameter(settings. To assess the correctness of
the algorithms, we first determine the mutual-visibility chromatic number of this
graph class using Theorem 5.1 and Theorem 5.2. This value serves as an exact
benchmark for evaluating the agcuracy and performance of the proposed methods.
To investigate the sensitivity of the SA performance with respect to the main
control parameters, a parameter tuning analysis was performed using the combi-
nations Ty € 5,10,20 and « € 0.8,0.9,0.95. Two representative fullerene instances
with different structural characteristics were considered for this analysis. Each
parameter configuration was independently executed several times, and the aver-
age solution value, standard deviation, and runtime were calculated. The results
are summarized in Table 2. The obtained results show that the tested param-
eter combinations generally lead to similar solution qualities, demonstrating the
robustness of the proposed SA approach. Although some configurations achieve
comparable objective values, the setting Ty = 10 and o = 0.95 provides a suitable
trade-off between exploration capability, convergence speed, and computational
efficiency. Consequently, this parameter setting was adopted in all subsequent SA
experiments. For the graph classes considered in our computational experiments,
the corresponding theoretical values are summarized in the following results.
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Theorem 5.1. For the cycle graph C,, with n vertices, the mutual-visibility chro-
matic number is

n
) =%
Xu( ) 3
Proof. As said in [8], every connected graph G satisfies
n(G)
(@) > {] . 7
Since u(Cy) = 3 3], it follows that
n
Xu(Crn) > {ﬂ . (8)
On the other hand, Let the vertices of C,, be labeled consecutively as V(C,,) =
{v1,v2,...,0,}, and let t = f%] Define a coloring by assigning color 7 to the
vertices v;, Vit¢, Uit2t, Wwhenever the corresponding indices do not exceed n, for
1 =1,2,...,t. Thus, each color class contains at most three vertices.\We claim

that this coloring is a mutual-visibility coloring. Now, we prove our ¢laimx

Let u and v be two vertices receiving the same color j. Then, y-and-v are two
vertices from the set {v;,vji¢,vj42¢}, whenever the third vertex. exists. Since
t = (%L we have 3t > n, and therefore n — 2t < t. Heng€, thewhree arcs of the
cycle determined by v;, vj4+, and v;12; have lengths ¢,¢,n% 2t, all of which are
at most t. Consequently, the shortest path between any two’vertices of the same
color is exactly one of these three arcs.

Moreover, the third vertex of the color class, (ifit exists) lies on one of the
other two arcs and therefore does not belong to.this shortest path. Since the only
vertices colored j are v;, vj4, and possibly 4%, none of the internal vertices of
the shortest path has color j.

Therefore, for every pair of vertices,with.the same color, there exists a shortest
path whose internal vertices have colors different from the endpoints. Hence, every
pair of vertices in the same colér class-is mutually visible.

Thus, the proposed coloring is ‘a, valid mutual-visibility coloring using [%1 colors.

Therefore,
n

(@) <[5 )

Combining (8) and (9), we conclude that

(@) = |5

Theorem 5.2. ([8]). If T is a tree, then

rad(T) + 1, if diam(T) is even,
Xu(T) = ,
rad(T), otherwise.
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Figure 2 presents the binary search procedure and the convergence behavior of
the proposed SA algorithm on the (5,6)-fullerene (Generalized Peterson graph).
Figure 2 illustrates different aspects of the performance of the proposed algorithm

inary Search Color i (b):SA Convergence for Best k=4 (c):SA Convergence Comparison
(Best: k=4) (Final: 0 conflicts) (First 22 iterations)

= Conflict-Free
3 X Has Conflicts

Number of Colors (k)
Best Conflicts
Best Conflicts

step 1 step 2 Step 4 o H 10 15 20 0
Search Steps (Binary Search Order) Iteration Iteration

Figure 2: Illustration of the proposed solution procedure on the (5;6)-fullerene
(Generalized Petersen) graph. (a) Binary search procedure for détermining the
minimum feasible number of colors k. (b) Convergence behavidt 6f‘the SA algo-
rithm toward the optimal solution at k = 4. (¢) Comparative/convergence profiles
of the algorithm for different values of k.

on the (5, 6)-fullerene graph (Generalized Peterson graph).

Figure 2(a) shows the binary search procedur&uséd to determine the minimum
number of colors required for a mutual-visibility ¢oloring. The search starts from
the upper bound of 12 colors, for which a conflict-free coloring is obtained (¢ = 0).
Consequently, the number of colors is reduced to 6, which also yields a valid col-
oring without conflicts. The search then proceeds to k = 3, where the algorithm
is unable to obtain a feasible coloring, resulting in 13 conflicts. Finally, the value
k = 4 is examined and a conflict-freg coloring is obtained. Since k£ = 3 is infeasible
whereas k = 4 is feasible, the algorithm concludes that the mutual-visibility chro-
matic number of the graph is x,(G) = 4. This figure also demonstrates that the
binary search strategy significantly reduces the search space by evaluating only
four candidate values of k.

Figure 2(b) presents the convergence behavior of the proposed SA algorithm for
the optimal value k& = 4. The horizontal axis represents the iteration number,
while the vertical axis indicates the best conflict value obtained up to each it-
eration. The initial solution contains 19 conflicts, indicating that the randomly
generated coloring is far from satisfying the mutual-visibility constraints. As the
search progresses, the number of conflicts decreases steadily through successive
neighborhood moves and the probabilistic acceptance mechanism of the SA algo-
rithm. The improvement is more pronounced during the early iterations, whereas
the convergence becomes slower near the optimum. A conflict-free solution is ob-
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tained after approximately 21 iterations, indicating that the algorithm successfully
finds a valid mutual-visibility coloring using four colors. The dashed red line illus-
trates the overall convergence trend.

Figure 2(c) compares the convergence behavior of the proposed SA algorithm for
four different values of k, namely 12, 6, 4, and 3. For k = 12, the algorithm reaches
a conflict-free coloring almost immediately, since the large number of available col-
ors makes the problem relatively easy. A similar behavior is observed for k& = 6,
where all conflicts are eliminated within a few iterations. For k = 4, which cor-
responds to the optimal solution, the algorithm gradually reduces the number of
conflicts from 19 to 0, requiring approximately 21 iterations. This represents the
most challenging feasible case. In contrast, when k = 3, the algorithm initially
decreases the number of conflicts but eventually stagnates at 13 conflicts with-
out reaching a feasible solution. This behavior provides experimental evidence
that three colors are insufficient for the considered graph, whereas four colors are
necessary to obtain a valid mutual-visibility coloring.

Table 2: Sensitivity analysis of SA parameters (Tp, a) for two fullerenie graphs:
(a) (5,6)-fullerene (Generalized Petersen graph), and (b) (4,6)-fullerene ((BN )16

graph).
(a) (b)

7 Average Standard  Average o o Average Standard  Average
Solution(k) Deviation Time (s) Solutién(k) Deviation Time (s)
5 0.80 4.30 0.46 2.27 5 0.80 5.80 0.40 5.13
5 0.90 4.40 0.49 2.36 5 0.90 5.90 0.30 5.50
5 095 4.40 0.49 2.33 5. %0.95 5.90 0.30 5.36
10 0.80 4.40 0.49 2.29 10 )0.80 5.80 0.40 5.76
10 0.90 4.30 0.46 2.55 10 0.90 5.90 0.30 5.31
10 0.95 4.10 0.30 2.62 10 0.95 5.80 0.40 5.73
20 0.80 4.50 0.50 2:38 20 0.80 5.80 0.40 5.54
20 0.90 4.30 0.46 2.51 20 0.90 6.00 0.00 5.12
20 0.95 4.30 0.46 245 20 0.95 5.80 0.40 5.53

Table 3 compares the theoretical results with the solutions obtained by the
proposed ILP model and SA algorithm. For each graph instance, the table re-
ports the number of vertices, the theoretical value (when available), the exact
result and computational time of the ILP model, and the best, mean, standard
deviation, and execution time obtained by the SA algorithm over 10 independent
runs. The results show that the ILP model successfully computes optimal solu-
tions for small- and medium-sized instances; however, as the graph size increases,
the rapid growth in the number of variables and constraints renders the exact
approach computationally impractical. In contrast, the proposed SA algorithm
remains applicable to all tested graph classes and consistently produces optimal
or near-optimal solutions within reasonable computational time.
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Table 3: Comparison of the theoretical value, ILP results, and SA performance.

ILP SA

Graph n(G) Theory - _ Runs
Result Time (s) Best Mean Std. Dev. Time (s)
Crs 15 5 5 18.85 5 5.00 0 0.0491 10
Cos 25 9 9 535.72 9 9.00 0 0.7985 10
Cs 35 12 12 1200 0 1.2603 10
Pro 10 5 5 12.20 5 5.00 0 0.1272 10
Pao 20 10 10 120.89 10 10.00 0 0.5171 10
Py 30 15 15 15.00 0 11841 10
) >te bipartite gra
Complete bipartite gr wph 11 2 2 1.35 2 2.00 0 0.0035 10
K10
Kite tree (4, 5) 9 1 4 354 4 400 0 0.0704 10
(4, 6)-fullerene 32 <16 5 2126.38 5 570 0.4830 8.0577 10
((BN)1s graph)
(5,6)-fullerene 2 <12 4 4.80 4 4.30 0.4830 2.1417 10
(Generalized Peterson graph)
5, 7)-full
(5,7)-fullerene 20 <10 3 320.72 4 400 0 2.6539 10
(Dodecahedral graph)
-fullerene
Coo-fullerenc 60 <30 - - 7760 0.5164 306932 10

(Truncated icosahedral graph)

6. Conclusion

In this paper, we investigated the mutual-visibility coloring problem by proposing
both heuristic and exact optimization approaches. Sinicethe problem is N P-hard,
we first developed a SA algorithm capable of producing high-quality near-optimal
solutions for arbitrary graph classes within réasonable computational time. We
also presented the first ILP formulation for'the problem, which provides exact
optimal solutions and serves as a benchmfaxk for evaluating the performance of the
proposed heuristic. Computational experiments conducted on a diverse collection
of benchmark graph instances demonsfrate the effectiveness of both approaches.
While the proposed ILP modelisuccessfully computes optimal solutions for small-
and medium-sized instances, the SA algorithm is more suitable for larger graphs
due to its computational efficiency.

As future work, other metaheuristic approaches, particularly population-based
algorithms such as Genetic Algorithms and Ant Colony Optimization, may be
developed for the mutual-visibility coloring problem and compared with the pro-
posed SA algorithm. Furthermore, improving the mathematical formulation or
designing hybrid exact—heuristic approaches may further enhance the efficiency of
solving larger problem instances.
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regarding the publication of this article.
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