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On Powers of Some Graph Operations

Mohamed A. Seoud and Hamdy Mohamed Hafez*

Abstract

Let G *x H be the product * of G and H. In this paper we determine the
r*" power of the graph G * H in terms of G", H" and G" « H", when * is
the join, Cartesian, symmetric difference, disjunctive, composition, skew and
corona product. Then we solve the equation (G« H)" = G" x H". We also
compute the Wiener index and Wiener polarity index of the skew product.
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1. Introduction

The r*" power of a graph G, denoted by G", is the graph with vertex set V(Q)
where two vertices are adjacent if they are within distance r in G, i.e., the length
of the shortest path joining them is at most r. The maximum distance between
any pair of vertices in a graph G is called the diameter of G and denoted by
diam(G). Let G = (V(G),E(G)) and H = (V(H),E(H)) be two graphs. The
join (sum) G + H has V(G) U V(H) as its vertex set and its edge set consists
of E(G) U E(H) and all edges joining V(G) with V(H). The cartesian product
G x H has its vertex set V(G) x V(H) and u = (x1,y1) is adjacent to v = (z2,y2)
whenever [r1 = x2 and y1y2 € E(H)| or [y1 = y2 and z122 € E(G)]. The
symmetric difference G @ H has V(G) x V(H) as its vertex set and u = (z1,¥1)
is adjacent to v = (x2,y2) whenever z1z2 € E(G) or y1y2 € E(H) but not both.
The disjunctive product GV H has V(G) x V(H) as its vertex set and u = (1, 1)
is adjacent to v = (z2,y2) whenever x125 € E(G) or y1y2 € E(H) or both. The
corona product G o H is the graph obtained by taking one copy of G (which has n
vertices) and n; copies of H, and then joining the i*" vertex of G to every vertex
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in the i" copy of H. The composition G[H| has its vertex set V(G) x V(H)
and u = (z1,y1) is adjacent to v = (22, y2) whenever [z1z2 € E(G)] or [x1 = 24
and y1y2 € E(H)]. The conjunction product G A H has V(G) x V(H) as its
vertex set and u = (z1,y1) is adjacent to v = (w2, y2) whenever z122 € E(G) and
y1y2 € E(H). The strong product G ® H has V(G) x V(H) as its vertex set and
its edge set E(GQ H) = E(Gx HYUE(GAH). The skew product G A H, defined
in [10], has V(G)xV (H) as its vertex set and u = (x1,y1) is adjacent to v = (z2,y2)
whenever [r1 = 22 and y1y2 € E(H)| or [r122 € E(G) and y1y2 € E(H)]. The
converse skew product G 57 H has V(G) x V(H) as its vertex set and v = (z1,¥1)
is adjacent to v = (z2,y2) whenever [y; = y2 and z122 € E(G)| or [r122 € E(G)
and y1y2 € E(H)]. The complete graph with n vertices is denoted by K,,. For the
graphs G(V(G), E(G)) and H(V(H), E(H)), we denote the graph with vertex set
V(G) UV (H) and edge set E(G) U E(H) by GU H. For a graph G(V(G), E(G))
and any set of edges F' C E(G), we assume G — F to be the graph obtained from
G by deleting the edges in F. We denote the distance between v and v in G
by dg(u,v). By G = H we mean that G is isomorphic to H, sometimes written
G = H. A graph is null if it has no edges. Denote the degree of a vertex u in a
graph G by degg(u). For more details see [1-3]. In [7-9], Seoud proved necessity
and sufficiency conditions for:

1. G+ H? = (G+ H)?%

2. G*x H* = (G x H)?%;

3. G?oH? = (Go H)%

1. G2H?) = (GIH))?

5. GV H? = (GV H)?

6. GZ@ H?> = (Gao H).
Here, we determine the graph (G * H)" in terms of G", H" and G" « H" for r > 2,
where the operation G x H represents a product of G and H. According to the

definitions of graph products one can prove the following lemma, for more details
say [1,12].
Lemma 1.1. Let G, H be two graphs and (u1,v1), (ug,vs) be two distinct vertices
in V(G) x V(H), where ui,us € V(G) and v1,vs € V(H), then:
1. dexu((u1,v1), (u2,v2)) = da(ur, uz) + du (v, v2).
0 u=vw
2. dagyu(u,v) =4q1 w e E(G)oruv € E(H)or(u e V(G)andv € V(H))

2  otherwise.

da(ui,u2) w1 # ug

di(vi,v2) w1 = ug,dega(u1) =0,

1 u1 = uz,dega(u1) # 0andvive € E(H)
2 u1 = uz,degg(ui) # 0andvivs ¢ E(H).

3. dem (w1, v1), (uz,v2)) =
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0 wi=u2 v =02
4. deva((u1,v1), (u2,v2)) =< 1 wius € E(G) and wvivs € E(H)
2 otherwise.
0 w1 =u2 v1 =102
5. daou((u1,v1), (u2,v2)) =<1 wuius € E(G) and vive € E(H) but not both
2 otherwise.

6. dG®H((u1,v1), (U27'U2)) = Mam{d(;(ul,UQ)7dH(Ul,UQ)}.

2. Main Results

Lemma 2.1. For any two graphs G and H
1. G"[H"] C (G[H])" ( C means spanning subgraph of).
2.G"+H" C(G+H)".
3. G x H" C (Gx H)".
4. G"oH" C (Go H)".
5. G"VH" C(GVH).
6. G H C (G H)".

Proof. 1. G"[H"] and (G[H])" have the same set of vertices, which is V(G) x
V(H) and (uy,us), (v1,v2) are adjacent in G"[H"] means that [u; = uy and
v1 is adjacent to vo in HT] or [ul is adjacent to ug in GT]. That is equivalent
to [ul =uganddy(v1,ve) < r} or [dG(Ul,UQ) < r].

First, if u1 = ug and dg(v1,v2) < 7, then there exists in H the path
V1Z1T2...L,—1V2 between vy and ve of length at most r. In G[H| we have
the path (u1,v1) (ug,21) (ug,x2) -+ (ug,xr—1)(uz,v2) of length at most 7.
Then (uy,usz) and (vy,v2) are adjacent in (G[H])".

Second, if dg(u1,us) < r, then there exists in G the path u1y1y2...yr—1us be-
tween u; and us of length at most r. In G[H| we have the path (uy,v1)(y1, v2)
(y2,v2) -+ (Yr—1,v2)(uz,v2) of length at most r. Then (uy,v1) and (us,vs)
are adjacent in (G[H])".

2. Let u,v be adjacent in G" + H". Note that possible cases for u, v are either

[u€ V(G) and ve V(H)] or [v € V(G) and u € V(H)] or [u,v € V(G)] or
[u,v € V(H)]. Now we discuss the possible cases as follows:
Case 1: If [u € V(G) andv € V(H)], then the result follows trivially.
Case 2: If [u,v € V(G)], then there exists a vertex w in V(H) such that
ww,vw € E(G+ H). Tt follows that uv € E((G + H)?) and (G + H)? C
(G + H)" implies that uv € E((G+ H)").
Case 3: u,v € V(H) analogous to case 2.

3, 4 and 5 are not difficult to be proved. O
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Theorem 2.2. (G + H)" = K|y )+ |v(m)|-

Proof. According to Lemma 1.1, we have diam(G + H) = 2. Hence (G + H)",
for any r > 2, is complete. It is clear now that both sides in the above equation
represent a complete graph on |V (G)| + |V (H)| vertices. O

Now, we are ready to discuss the equation (G+ H)" =G" + H".

Corollary 2.3.
(G+H)" =G +H" (1)

if and only if G and H are connected and diam(G) < r and diam(H) <.

Proof. If G is not connected, then there are two vertices u and v that are not
adjacent in G and so in G". Hence there are two vertices u and v not adjacent
in G" + H" contradicts that G" + H" = (G + H)" = K}y (g)|+|v(#)|- Therefore G
and H must be connected. Again, if G is connected with diam(G) > r, then there
exist two vertices u and v which are not adjacent in G", and hence non-adjacent in
G" + H" a contradiction to G" + H" = (G + H)". So we must have diam(G) < r
and diam(H) < r. Conversely, if G and H are connected and diam(G) < r and
dzam(H) <r,then G"+H" = K\V(G)H'K\V(HH = K|V(G)|—HV(H)\ = (G—FH)T. 0

Theorem 2.4. (G x H)" =G" x H" U/_{ G' NH™'71 —UIZZE(G' A HT277),

Proof. Let (u1,v1) be adjacent to (ugz,ve) in (Gx H)", then d((uy,v1), (uz,v2)) <r
in G x H. Therefore we must have one of the following cases:
1) uy = up and dp (v1,v2) = daxm((u1,v1), (u2,v2)) <7, or
2) v = vy and dp(v1,v2) = daxm((u1,v1), (u2,v2)) <7, or

(1)
(2)
(3) wruz € E(G) and dp (v1,v2) = daxar((ur, v1), (uz,v2)) —1 <7 —1, or
(5) dg(ur,uz) =2 and dp (v1,v2) = daxar((ur, v1), (uz, v2)) —2 < 7 — 2, or

(1+1) dg(u1,uz) = [5] and dp(v1,v2) = daxn ((u1,v1), (u2,v2)) — [5] < [5].

In other words, (uy,v1)(u2,v2) € BE(G" x H") Ui_} E(G* A H™~'7%). Since

E(G A H"3) is computed one time in E(G A H"~2) and another time in

E(G? A H™™3) in the union U/_{ E(G* A H™~'~%), we must subtract it once. In
general any term in the union U;;fE(Gi A H"=27%) is computed twice in
UIZ{E(G* A H™=177), so we must subtract it once. O

The following result is a consequence of Theorem 2.4.

Corollary 2.5. (G x H)" =G" x H" if and only if G is null or H is null.
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Proof. Let (Gx H)" = G" x H" and G and H be non-null, then there exist uy, ug
adjacent in G and vq, vy adjacent in H. Hence (u1,v1) is adjacent to (ug,v1) in
G x H and (ug,v1) is adjacent to (ug,v2) in G x H, consequently (uq,v1) is adjacent
to (ug,v2) in (G x H)", but they are not adjacent in G" x H", a contradiction
to (G x H)" = G" x H". Hence E(G) or E(H) must be empty. Conversely,
we note that E(G* A H™"17%) is empty if G is null or H is null and therefore
(Gx H)"=G" x H". O

Theorem 2.6. (GRH)"=G" @ H".

Proof. Let (u1,v1) be adjacent to (ug,vs) in (GRH)". Therefore dggm ((u1, v1), (ug
,v2)) < r and one of the following must happen:

1. dg(u1,u2) = dagu ((u1,v1), (ug,v2)) < r and v; = vg, or
2. dy(vi,v2) = daeu ((u1,v1), (ug,v2)) < r and uy = us, or
3. dg(uy,u2) = dg(vi,v2) = dagu((ur,v1), (uz,v2)) <1, or
4. 1 <dg(ur,u2) < dg(vi,v2) = deeu((ur,v1), (uz,v2)) <7, or
5. 1 <dg(v1,v2) < dg(u1,uz) = dagu((ur,v1), (uz,v2)) < r.
Which would imply that (u1,v1)(uz,v2) belongs to G" @ H". O

Theorem 2.7. If G and H don’t contain isolated vertices, then (G® H)" =
Kiv@yxv -

Proof. For any two vertices (u1,v1) and (ug,v2) in (GBOH), dagn((u1,v1), (u2,v2))
< 2, by Lemma 1.1, and (G @ H)" is complete graph on |V (G)| x |V (H)| vertices.
O

Corollary 2.8. (G® H)" = G" @ H" has the only solutions:
(i) G = Ky, H is any graph;
(ii) H= K1, G is any graph;
(i) Trivial solution, G = nKy, H = nK;.

Proof. Let (G @ H)" = G" @ H" and G and H be non-null, then there exist
uy,us € V(G) and v1,v € V(H) such that uy is adjacent to us in G and vy is
adjacent to ve in H. It follows that (u1,v1) is not adjacent to (ug,ve) in G"®H", a
contradiction to G" S H" = (GO H)" = K|v(a)xv(m)|- Hence E(G) or E(H) must
be empty. Similarly: if G is null with more than one vertex and H is connected,
then there exist uy,us in V(G) and vy, v9 in V/(H) such that vy is adjacent to vy
in H. It follows that (u1,v;) is not adjacent to (ug2,v1) in G" @ H", a contradiction
again. Conversely, if G = Kj or H = Kj, then (GOH)" = G"[K | 2 G" 2 G"®H"
or (G S5 H)T = Kl[K|V(H)|] = K|V(H)| = G" @ H", respectively. O
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Theorem 2.9. If G and H don’t contain isolated vertices, then (G V H)" =
Kiv@xvm)-

Proof. By Lemma 1.1 dev g ((u1,v1), (uz2,v2)) < 2 and the result follows immedi-
ately. O

Corollary 2.10. (GV H)" = G" V H" has the only solutions:
(i) G and H are connected with diam (G) < r& diam(H) < r;
(ii) G = K1, H is any graph;

(ii) H = K1, G is any graph;
(iv) Trivial solution, G = nKy, H = nkK;.

Proof. Firstly, assume that G"V H" = (GV H)".

(a) If H is connected with diam(H) > r, and G is any graph. Let G (with-
out any loss of generality) be connected. It follows that there exist paths
UL ULUS e Uy U1 N H 2 dpg (u, uie1) = 1,1 <4 <741, and vivg in G. Now
(v1,u1) is not adjacent to (vy,u,41) in G™V H" by definition, a contradiction
toG"VH" = (G V H)T = K\V(G)XV(H)|'

(b) If G is connected with diam(G) > r, and H is any graph, the proof proceeds

as case (a).

(c) If G is disconnected with more than one component and H is any graph, then
H or G must have at least two vertices that are adjacent (since otherwise
one gets case iv). Let uy,v; be any two vertices in V(G) that lie in distinct
components of G and the vertices ug, vy in V(H) that are adjacent (such
vertices must exist in either H or G). Then (u1, u2) is not adjacent to (v1, uz)
in G" vV H". A contradiction again to G" V H" = (G V H)" = K|v(q)xv (#)|-

Conversely,

(i) If G and H are connected with diam (G) < r & diam(H) < r, then G"VH" =
(GVH)" = Kjv@xvm))-

(ii) If G = Ky and H is any graph, then GVH 2 H, (GVH)" 2 H" 2 G"V H".
Case (iii) is similar to (ii). O
Theorem 2.11. If G is connected, then (G[H])" = G"[K|y gy

Proof. According to Lemma 1.1, deg((u1,v1), (u2,v2)) < 7 is equivalent to:
[do(ur,uz) <7 when uy # us] or [ug =us and dg(vi,ve) < 2]. Which implies
that (u1,v1)(u2,v2) € G"[K|y(my] and the proof is complete. O

Theorem 2.12. (G[H])" = G"[H"] has the only solutions:



On Powers of Some Graph Operations 37
I ——

(i) G = nK,y, H is any graph;
(i) H is connected with diam(H) <r and G is any graph.

Proof. Assume that (G[H])" = G"[H"] and G is not null, we prove that H is
connected with diam(H) < r, indeed: if H is disconnected or connected with
diameter > r 4 1, then there exist two vertices v1,v2 in H which are not adjacent
in H". Since G is not null, then there exist uj,us in G : dg(ui,uz) = 1. The
vertices (u1,ve2) and (ug,v1) are not adjacent in G"[H"], but (u1,v2) and (u1,v1)
are adjacent in (G[H])", and this is a contradiction. Assume that (G[H])" =
G"[H"] and G is null, we prove that H may be any graph, indeed: for any graph
H, we have (G[H])" & |V(G)|H" = G"[H"]. Conversely, assume G, H be two
graphs satisfying the conditions in the theorem, then we have:

(i) If G = nK; and H is any graph, then G[H] = H and (G[H])" = nH" =
G"[H"].

(ii) H is connected with diam(H) < r and G is any graph. It is sufficient to

prove that (G[H])" C G"[H"]. For this, if G is connected, then (G[H])" =
G"[K\vwy] = G"[H"]. Note that H" = Ky g because diam(H) < r.
Now, let u = (u1,v1) be adjacent to v = (ug,vs) in (G[H])", it follows that
d(u,v) < rin (G[H])". Then there exists the path P = (uy,v1)(us,v3) - -
(U, Um ) (uz2,v2) of length at most r in G[H]. We have the following cases:
Case 1: if uy = uz = uqg = -+ = Uy, = ug, then we have d(vy,v9) < rin H.
Since H is connected with diameter < r, it follows that u; = us and vy is
adjacent to ve in H". Then u, v are adjacent in G"[H"].
Case 2: if for some ¢ = 3,4,--- ,m — 1, u; # u;+1, then the existence of the
path P implies that u; and u;y; must be adjacent in G, of course this is
the case for ui,us and wm,,us. Hence if uy # ug # --+ # uy, # ug, then
uy is adjacent to ug, ug is adjacent to ug4, - -, and u,, is adjacent to us, i.e.
d(uy,us) < rin G, it follows that u; is adjacent to us in G". Hence u and v
are adjacent in G"[H"].

O

Theorem 2.13. (GoH)" = G"o HYemH) y, o) E(N(u) + H,), where N(u) =
{v e V(G) : dg(u,v) <r—1}U{v € V(H,) : dg(u,x) < r — 2} and H, is the
copy of H corresponding to the vertex u.

Proof. The copy of H corresponding to vertex € V(G) is denoted by H,. Let
u,v be adjacent in E(G o H)". We must have either u,v € V(G) or u,v € V(Hy)
oru € V(G) and v € V(H,) or u € V(H,) and v € V(Hy), where x # y. One of
the following cases must happen:

(1) If u,v € V(G), then dg(u,v) < r.

(2) For any two vertices u,v € V(Hy), dgopr(u,v) = 2.
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3) fueV(G) and v € V(H,),x # u, then dgog (u,v) <r — 1.
(4) f uw € V(H,) and v € V(H,), where = # y, then dgon (u,v) <r — 2.

In all cases, we get uv € E(G" o HYem(H)) U, .y () E(N(u) + H,) and the proof
is complete. O

Corollary 2.14. (Go H)" = G" o H" if and only if G is null and each component
of H has diameter <r.

Proof. Let (Go H)" = G" o H", then diam(H) < r and U,cy () E(N(u) + Hy) is
empty, where N(u) = {v € V(G) : dg(u,v) <r -1} U{v € V(H,) : dg(u,z) <
r — 2} and H, is the copy of H corresponding to the vertex w. Note that
Uuev(e) B (N (u) + H,) is empty if and only if £(G) is empty. O

3. Conjunction and Skew Product

We follow notions in [5]. Recall a walk between two vertices u, v is a sequence of
vertices ux1xox3...x,v in which any two consecutive vertices are adjacent. While
a path is a walk in which all vertices are distinct and not repeated. The length
of a walk is the number of edges in it. Let dg(u,v) be the distance between
u,v in G, define di;(u,v) to be the length of the shortest u — v walk satisfying
da(u,v) + di(u,v) is odd and oo otherwise. We call (u1,v1) ~ (ug, v2) whenever
de(ug,uz) + dg(v1,v2) is even, otherwise we call (ug,v1) » (u2,v2). Distance
between (u1,v1) and (usz,v2), in the conjunction product G A H, is defined in [5]
as follows:

Lemma 3.1. [5]
(a)If (u1,v1) ~ (u2,v2), then daam ((u1,v1), (uz,v2)) = Maz{dc(u1,uz2),dn(v1,v2)}.

(b) If (u1,v1) » (u2,v2), then daam ((u1,v1), (uz,v2))
= Min{Maz{dc(u1,uz),dy (v1,v2)}, Maz{dm (v1,v2), dg(u1,u2)}}.

Lemma 3.2. If each edge in E(G) is contained in a triangle and each edge in
E(H) is contained in a triangle, then (GANH)" =G @ H".

Proof. Since each edge belongs to a triangle in G, then di; (u1, us) = da(u1,u2)+1
except for dg(ui,us) = 0, where di;(ui,uz) = 3, the same for H. If (u1,v1) ~
(u2,v2), then daam ((u1,v1), (uz,v2)) = Maw{dc(u1,uz),dH(U1,U2)} = dagnr ((u1,v1), (
u2,v2)). If (u1,v1) » (u2,v2), then daam ((u1,v1), (u2,v2)) = Min{Max{dg(ul,ug),dH(
V1, vg)—l—l}, Maa;{dH(vl, v2),da(u1, U2)+1}}. Assume without any loss of generality that
de(ui,u2) > dg(vi,v2) such that (dg(u1,us2),dm(v1,v2)) # (1,0). Then dg(u1,usz) >
di(vi,v2) + 1 and deam ((u1,v1), (u2,v2)) = da(u1, u2) = Max{dc(u1,u2), du(vi,v2)}.
If (da(u1,u2) ,du(vi,v2)) = (1,0), then derm ((u1, v1), (u2,v2)) = 2 and (u1,u2), (v1,v2)
are adjacent in (G A H)" for all r > 2. O
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Lemma 3.3. dGAH((u1,U1),(uQ,’U2)) = Ma:c{dc(ul,uQ),dH(vl,vg)} when (Ul,UQ) ~
(v1,v2) or (u1,u2) = (vi,v2) and dg(u1,u2) < du(vi,v2), otherwise daam((u1,v1), (u2,
v2)) = 14+ Max{dg(u1,us2),dr (v1,v2)} =1 4 da(u1,uz).

Proof. Assume that (uy,us) ~ (v1,v2).Since GAH C GAH, then dgam ((u1,v1), (u2,
v2)) < darm((u1,v1), (u2,v2)) = Max{dg(ul,ug),dH(vl,vg)}. ButGAHCG®H,
hence daoam( (u1,v1), (u2,v2)) > deou((ui,v1), (uz,v2)) = Max{dc;(u1,u2)7dH(v1,v2)
}. If (u1, u2) = (vi,v2) and da(ui,u2) < du(vi,v2), then there exists a vertex (us,x)
such that (uz,x) ~ (u1,v1), where z € V(H) satisfying du(v1,2) = Min{du(v1,y) :
y € V(H)and( uz,y) ~ (u1,v1)}. Hence daan((u1,v1), (uz,z)) = du(vi,x) and
denn((ur,v1), (uz,v2)) = du(vi,z) + du(z,v2) = du(vi,v2) = Maz{dc(u1,u2),du (v1,
v2)}. By the same technique, it is not difficult to prove the other case.

O

Let GI"l be the graph with the same vertex set as G and two vertices u,v €
V(GI")) are adjacent whenever dg(u,v) = 7.

Lemma 3.4. (GAH)" =G~ 'ANH UG A HMUG?L3] x H” ) where k < r and
k41 is even.

Proof. For any edge (u1,v1)(ug,v2) € E(GT"'AH")UE(GIM A HFYU E(G?L3] x
H7"), where k < r and k+r is even, by Lemma 3.3 dgan ((u1,v1), (u2,v2)) < rand
(u1,v1)(uz,v2) € E((G A H)"). Conversely, let (uy,v1)(us,v2) € E(G A H)"),
then deam ((u1,v1), (u2,v2)) < r and we have the following cases:

1) When 4y = ug, then 1 < dg(vy,v2) < 7.

(

(2) When v1 = vg, then 1 < dg(ui,uz) <7 —1.

(3) When 1 < dg(ui,us) <2[5], then 1 < dp(v1,v2) <.
(

)

)

)

4) When dg(u1,uz) = r, then dg(v1,v2) = k, where r > k € ZT and r + k is
even.

In other words (uy,v1)(ug,v2) € E(G2L31 x H™) or (uy,v1)(uz,v0) € E(GT"'AH")
or (u,v1)(ug,v2) € UE(GIM A HIF) where k < 7 and k + 7 is even. O

Following the same technique in Corollary 2.5, it is not difficult to prove the
following corollary.

Corollary 3.5. (GAH)" =G" A H" iff G is null or H is null.

From the definitions of skew product and converse skew product, we conclude
that:

Theorem 3.6. (G H)" = H P AGrUHM AGH U H2LE] % G, where k <r
and k +r is even.

Corollary 3.7. (G H)" =G" 7 H" iff G is null or H is null.
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4. Wiener Index and Wiener Polarity Index of the
Skew Product of Graphs

In this section, we compute the Wiener index and the Wiener polarity index of
G A H and G<7 H. The Wiener index [11] defined as the sum of distances between
all vertex pairs in a connected graph. While the Wiener polarity index [11] is
defined to be the number of unordered pairs of vertices {u,v} of V(G) such that
dg(u,v) = 3. Let Wy (G) be the number of unordered pairs of vertices {u,v}
of V(@) such that dg(u,v) = k. Then the Wiener polarity index of a graph G,
denoted by Wp(G) = W3(G) and the Wiener index W(G) = >, <, kWi(G). The
Wiener index of cartesian product, join, composition and corna is computed in [12].
In [6], the Wiener index of strong product is computed. The Wiener polarity index
of cartesian product, composition, strong product is computed in [4].

Lemma 4.1. Let G and H be two connected graphs, then Wp(G A H) = W,(H)|
[V(G)| + 2| E(G)| + 2W2(G) + 2W,(G)] + 2| E(H)| [W,(G) + Wa(G)].

Proof. According to Lemma 3.3, two vertices (u1,v1), (ug,v2) are at distance 3 in
G A H whenever: (dg(u,us),dg(v1,v2))) = (0,3),(1,3),(2,3),(3,3),(3,1),(2,1).
We distinguish between the following cases:

Case 1: when (dg(u1,u2),dg(v1,v2)) = (0,3), then Wp(G A H) = W,(H)|V(G).
Case 2: when (dg(u1,u2),dm(v1,v2)) = (1,3), then Wp(GAH) = 2W,(H)|E(G)].
Case 3: when (dg(u1,usg), clH(1117 Ug)) (2,3), then Wp(GAH) = 2W,(H)W2(G).
Case 4: when (dg(u1,u2), di(vi,v2)) = (3,3), then Wp(GAH) = 2W,(H)W,(G).
Case 5: when (dg(u1,u2),dm(v1,v2)) = (3,1), then Wp(GAH) = 2W,(G)|E(H)].
Case 6: when (dg(u1,u2),dm(v1,v2)) = (2,1), then Wp(GAH) = 2W2(G)|E(H)\
Therefore Wp(G A H) = Wp(H)[|[V(G)| + 2|E(G)| + 2W2(G) + 2Wp(G)] +
2|E(H)|[Wp(G) + Wa(G)]. O

Lemma 4.2. Let G and H be two connected graphs, then Wp(G 7 H) = W,(G)|
|V (H)| +2|E(H)| + 2Wa(H) + 2W,(H)| + 2|E(G)|[W,p(H) + W2 (H)].
Theorem 4.3. Let G and H be connected graphs, then W(G A H) = n2W (H) +

nal W (G)+ 4 Wara (G142 5155 Wal O ZaliWyoa (H) +(— )W (H)],
where [V(G)| = ny, |[V(H)| = na cmd D = diam(G A H) = Max{diam(G) +
1,diam(H)}.
Proof. Let G and H be connected graphs with |V(G)| = n1, |V (H)| = nga, then
G A H is connected. We note that when k is even, then

mtg
Wi (GAH) = n1+22 Wi(G)]+(Wi(G)+Wi_1(G)) [na+2 > Wai(H)],
i=1

for k> 2 and Wa(G A H) = Wa(H) [0y + 232,77 Wi(G)] + na [Wa(G) + Wi (G)].
When k is odd, Wi(GAH) = Wi(H) [n14+2 028 Wi(G)] +2[Wi(G) +Wi—1(G)]
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j— b1

Sois1? Wi (H), for k > 3 and Wi(G A H) = Wi(H)[ny + 2Wi(G)]. Let
D = Max{diam(G) + 1,diam(H)}. Assume without loss of generality that D is
even, then

1474 Wl(H) [n1 + 2W1(G)}

2| W- nl—l—QZW —|—n2 WQ(G)‘i‘Wl(G)]}‘*‘
3| W- nl—i—QZW —|—2 Wg(G)+W2(G>}W1(H):|+
4| W, nl—i—QZW G)+W3(G))[n2+2W2(H)]]+

i=D
D [WD(H) [n1+2) " Wi(G)] + (Wn(G)+

i:D_2

Wp1(G)[n2+2 > W%(H)]] :
i=3
Which would imply that
i=D =D i
%% n1+2ZWi(G) +2n2 5
Z [Z iWi—1(H) + (i — )W, (H)]]
=2 j=2
i=D i
=n3W () + 2, [ SO [STWC)]+
1=D J=1
2ZW1(G)[ [in—l(H)+(Z1)WJ—2(H)]:|
i=2 j=2
i=| 2]
=niW(H) +n2 [W(G) + Wai1(G)]+
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Theorem 4.4. Let G and H be connected graphs, then

i=|

X!

]
W(G v H) = n3W(C) +m [W(H) ; wgi_mH)} +

i=1

i=D j=i
23 WiH)| 3 [W5-1(6) + (i = DW;-a(6)]

i=2 j=2
where |V (GQ)| =nq, |[V(H)| = n2 and D = diam(GVH) = Max{diam(G)(H)+1}.
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