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The Non-Coprime Graph of Finite Groups

Gholamreza Aghababaei—Beni and Abbas Jafarzadeh *

Abstract

The non-coprime graph Il of a finite group G is a graph with the vertex
set G \ {e}, where two distinct vertices u and v are adjacent if they have
non-coprime orders. In this paper, the main properties of the Cartesian and
tensor product of the non-coprime graph of two finite groups are investigated.
We also describe the non-coprime graph of some special groups including the
dihedral and semi-dihedral groups. Some open questions are also proposed.
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1. Introduction

In this paper, all groups considered are finite and a graph means an undirected
simple graph without loops and multiple edges. For any graph II, the sets of all
vertices and edges of II are denoted by V(II) and E(II), respectively.

Given a group G, there are different ways to associate a graph to G, including
the prime graph [8], commuting graph [4], and Cayley graphs which have a long
history and valuable applications.

The non-coprimle graph Ilg of a finite group G is a graph with G \ {e} as
the vertex set and two distinct vertices u and v are adjacent if (|ul,|v|) # 1. This
graph was first introduced in [5]. The relative non-coprime graph Il ) of G and a
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subgroup H of G is a spanning subgraph of I1 where two distinct vertices v and v
are adjacent if at least one of them belongs to H. Clearly II(g,g) = Ilg. In the next
section, we investigate the cartesian and tensor product of the non-coprime graph
of two groups. In the last section, some properties of the non-coprime graph of the
groups Doy, Uspm, Van, Tun and SDg, such as their clique numbers, chromatic
numbers and connectivity are investigated. We show that the non-coprime graph
of all these groups are perfect graphs.

We use the notation u ~ v to show that two vertices v and v are adjacent
in the background graph. All other notations are standard and can be found for
example in [1].

2. Graph Operations on Non-Coprime Graphs

The aim of this section is to study the non-coprime graph under two graph oper-
ations Cartesian and tensor product of graphs.

Definition 2.1. Let G; and G4 be two graphs. The cartesian product of G; and
G4 denoted G X Ga, is the graph with vertex set V(G1) x V(G2) and two distinct
vertices (u,v) and (u/,v’) are adjacent if u = «' and v ~ v’ or v = v" and u ~ u'.
The tensor product of G; and G5 denoted G; ® G, is the graph with vertex set
V(G1) x V(G2) and two distinct vertices (u,v) and (u',v") are adjacent if u ~ v’
and v ~ v’

For an arbitrary group G, we use G* for the set of all non-identity elements of

G.

Lemma 2.2. Let G; and G2 be two groups. Then Ilg, xIlg, and IIg, ®1lg, both
are proper spanning subgraphs of Il gy which itself is the induced subgraph of
HG1><G2 on G’{ X G;

Proof. 1t is obvious that V(Ilg, xIlg,) = V(llg, ®1lg,) = V(llg: xc3) = G1 xG3.
Let (u,v) and (u/,v") be two arbitrary vertices of Ilg, x Ilg, such that (u,v) ~
(u/,v"). We claim that (u,v) ~ (u/,v") in g, xq,- We have u = v’ and v ~ ¢/
or v = v and u ~ u'. Without loss of generality, let u = v’ and v ~ v'. Then
(Jvl, |v'|) # 1. Hence there exists a positive integer d # 1 such that d||v| and d||v’|.
Therefore d||(u,v)| and d||(«’,v")| which implies that they are adjacent in I, xg,-
The proof is similar for llg, ® Ilg,. O

The next corollary is an obvious result of the previous lemma:

Corollary 2.3. Let G; and G5 be two group and H; < G; and Hy < G3 be
nontrivial subgroups of G; and Gs, respectively. Then

(1) HGhH1 X HG2,H2 ; HG{XG;,H{‘XHg; and

(i) Ue, m, @ Ueym, = Uasxas vy xHs-
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Remark 1. Let G; and G3 be two group and (u,v) € Ilg, ® IIg,. Then by
definition, degp, g, (u,v)) = degyy,, (u) + deg,, (v).

The following theorem is an immediate consequence of above observation:
Theorem 2.4. Let G and G5 be two groups of orders p¥* and ¢*2, respectively,

where p and g are odd primes and k; and k» are positive integers. Then Ilg, ®1lg,
is a spanning Eulerian subgraph of Ilg: xq;-

Proof. By Remark 77, it is sufficient to prove that Ilg, ® Ilg, is Eulerian. Since
G1 and G5 are of prime power orders, their non-coprime graphs are complete. Let
(a,b) be an arbitrary vertex of I, ® Ig,. Then

degn,, e, ((u,0)) = degyy,, (u) + degy, (v)
:pk172 + qk272
=p" +q¢" —4

and so the degree of every vertex of Ilg, ® Ilg, is even. Therefore, the graph is
Eulerian. 0

3.The Non-Coprime Graph of Some Groups

Suppose a(G), w(G), x(G) and 6(G) denote the independence, clique, chromatic
and covering numbers of a graph G. In this section, we obtain some results on the
non-coprime graph of the Dihedral groups, Semi-dihedral groups and some other
groups. Let Dy, = (a,b| a™ = b*> = 1,ba = a~'b) be the dihedral group of order
2n.

Theorem 3.1. If n is an odd natural number, then
() w(p,,) = x(Mp,,) = n;
(i) 6(Ilp,,) = 0(Ilz,) + 1 =[ n(Zy,) | +1;
(il)) a(Ip,,) = 0(Ilp,,).

Proof. (i) For 1 < i,j < n we have |a’b| = 2 and |a| is odd such that (|a’b|, |a’])
= 1. Hence IIp,, is a graph with two components II.,> and K,. Therefore
W(HDQn) = X(HDQn) =n.

(ii) The minimum number of cliques that cover Do, is by (i) the minimum
number of cliques that cover Z,, plus 1.
(iii) It is obvious by (ii). O

Theorem 3.2. Ifn = 2’“1;0’2“2 -+ p.* where p1, ..., p, are odd primes and k1, . . ., k,
are non-negative integers with k1 > 1, then Ilp,  is connected and

(i) diam(Ilp,, ) < 2;
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(if) 0(Ip,, ) = 0(Tlz,) = |7 (Zn)};

(iii) w(llp, )= "C1=D 4y

2k1

Proof. (i) D2, has an element of order 2pyps - - - p,- such that all other vertices are
adjacent to which. Hence IIp,, is connected and diam(Ilp,,) < 2.

(ii) The minimum number of cliques that cover Dy, is the minimum number of
cliques that cover Z,.

(iii) It is obvious by (ii). O

Now let Vi, be the group presented by (a, b | a®>* =b* = 1,ba = a= 17, b7 la =
a~'b), for n > 1. We have the following results on its non-coprime graph:

Theorem 3.3. (i) IIy,, is a connected graph.
(ii) My, is Eulerian if and only if n is a power of 2.
(iii) Iy, has an Eulerian spanning subgraph.

(iv) (Van) =1

Proof. (i) Since I, is a subgraph of Iy, , the order of Ily;, _ <4~ is even, two
vertices of order 2 are adjacent and Ilz, is connected, Ily,, is connected.
(ii) Since Iy, ,., is a complete graph of odd order, the degree of each vertex is

even. So, the graph is Fulerian. If 8n = 2’“1p’2€2 ...pF . then the number of vertices
that are divided by p; ((2 < @ < r)) is even. Hence the degree of p; is odd and
ITy,,, is not Eulerian.

(iii) Each edge in IIy,, is on a triangle, so the graph has an Eulerian spanning
subgraph.

(iv) Since Ily, ., has at least end — vertices, vy, ) = 1. O

Theorem 3.4. In the graph Iy,
1. If n = 2% then w(Ily,,) = 8n — 1;

2. If n= 2k1p§2p§3 -+ pFr where pa, ..., p, are distinct odd prime numbers and
ki,..., k. are positive integers, then

UJ(HV&”) =8n — pgzplg?’ .. .p’jr.

Proof. 1. If n = 2%, then 2 divides the order of each vertex. Hence w(Vg,) =
8n — 1.

2. If n =2M p§2p§3 ...p¥r . then number of vertices that p; divides their orders
but 2, p1, ..., Di—1, Pit1, - - - Pr don’t divides their orders is p;* —1. Moreover,
the number of vertices that 2 does not divides their orders are pgz p’§3 ophr

and so the largest clique has even order. Thus, w(Vs,) = 8n — pgz p§3 ke

Hence the result. O
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Theorem 3.5. Ily;, is not planar graph.

Proof. Since there is at least 5 vertex of order that 2 divides them order so K5 <
ITy,,. Then Ily,  is not planar graph. O

Theorem 3.6. Let Us,,, =< a , bla*® = b = l,aba=! = b7l If n =
2’“1p]2€2 coph m = 211ql22 ...q¢% and for 1 i < r, p; are distinct prime and for
1 <j < s, q; are distinct prime and k;,[; are in Z. Then in Usy,y, group:

nm

1. The number of elements that 2 divides them order is 2nm — W;

2. The number of elements that p; divides them order and p; | n, p; | m, p; = ¢

s 9 nm nm
1S znm — vaq — pi,];i"l‘lt’
3. The number of elements that p; divides them order and p; | n, p; f m is
2nm
2nm — ——;
;"
4. The m?llr?nber of elements that ¢; divides them order and ¢; { n, ¢; | m is
j
qj
Proof. We know in Uy,
(a) Order of a’d’, that 1 <4 <2n, iisodd, 1 <j <mis 2%;
i,n
o 2
(b) Order of a"®?, that 1 <i < 2n,iiseven, 1 <j<mis [i, L],
(1,2n)" (j,m)

1. To obtain the number of element of even order we obtain the number of
elements that 2 not divides them order in section a and b and sum them and
obtain difference 2nm of it.

(a) The number of elements a*bl, that 1 <4< 2n, iisodd, 1 < 7 < m and
21 0(a't’) is zero.
(b) The number of elements a’d’, that 1 < i < 2n, i iseven, 1 < j < m
and 21 O(a'V’) is 2nm — (p5?ph° ... PP )(d2 a5 - b );
2
That p§2p§3 ...p¥ is the number of i that that for them (7;) is odd
1,2n
m .
(j,m)
nm

So the number of elements that 2 divides them order is 2nm —

la I3 ls

and ¢5°qs ... q,

is the number of j that that for them

k1t

2. To obtain the number of elements that p; divides them order and p; | m,p; | n
obtain the number of element that p; not divides them order in section a and
b and sum them and obtain difference 2nm of it.
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(a) The number of elements a’t’, that 1 < i < 2n, i is odd, 1 < j < m and
pi 1 O(a’?) is ——m;
pri
(b) The number of elements a’b’, that 1 < i < 2n, i is even, 1 < j < m,
pi 1 O(a't’) and p; = q; is ik mn

il
(3 (2

nm  nm
So the number of elements that p; divides them order is 2nm — —— — Rt
p;t ;"

3. To obtain the number of elements that p; divides them order and p; { m, p; | n
obtain the number of element that p; not divides them order in section a and
b and sum them and obtain difference 2nm of it.

(a) The number of elements a’b?, that 1 <i < 2n, i is odd, 1 < j < m and
pi 1 O(a't?) is ——m;

p;*
(b) The number of elements a’b’, that 1 < i < 2n, i is even, 1 < j < m,
pi 1 O(a'?) is ——m;

phi

i

So number of elements that p; divides them order is 2nm — ——m — ——m =
p;* Pt
2nm
2nm — ——;
k.
pi™

4. To obtain the number of elements that pg; divides them order and g; | m, ¢; {
n obtain the number of element that ¢; not divides them order in section a
and b and sum them and obtain difference 2nm of it.

(a) The number of elements a’b?, that 1 < i < 2n, i is odd, 1 < j < m and
¢; 1 O(a'v?) is nm;

(b) The number of elements a’b’, that 1 < i < 2n, i is even, 1 < j < m,
. onm
qj 1 O(a't?) is i

K3

nm
So number of elements that g; divides them order is 2nm — (nm + ——-) =
qu
nm
T
4j

nm —

O

Theorem 3.7. Ily,,, . is planar graph if and only if n < 2, m < 4 or n = 3,
m = 1.

Proof. By before theorem kj is not subgraph of Iy, if and only if m =1, n =3
orm<3,n<2. O
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Theorem 3.8. Ily,, .
1. Is connected other than n = 1, m be odd.
2. If be connected has end — vertex
3. Is line graph when nm = p* and p is prime and i = 0,1,2,---

Proof. 1. If n =1 and m be odd then elements of even are only order of 2 and
other elements has odd order so there is not patd betven elements of order
2 and elements of even order and graph is not connected. In otherwise there
are elements of order [m,n] that is connect to all vertices of Uz,

2. All elements of order [m,n] are end — vertex.

3. If nm = p’ that p is prime, then in Iy, each vertex is at most in two

clique and Iy, is line graph.
O

Theorem 3.9. If n = lep’;? copkrm = 2l1qé2...qis and for 1 ¢ < r, p; are
distinct prime and for 1 < j <'s, g; are distinct prime and £;,l; are in Z. Then
in HU2nm :

w(onm) > maz{ti, to, t3, ta}

1 1 1 1
that tlinm(Z — W), t2:2nm(1 — F) s t3 =2nm — nm(ﬁ + Tﬂ), t4 =
71 t t

nm — (1 — Tﬁ), pft is greatest divisor of n that p; divides m, p; = ¢; and p,;*
S1
s1

is greatest divisor ofn that p,,, m not divides m and qil is greatest divisor ofm
that g, not divides n.

Proof. Enough in Ily;,, . obtain the number of elements that divides them order
prime number that divides m, n or 2 divides them order and obtain maximum of
them that is max{t1, t2,t3,t4}. So proof complated. O

Theorem 3.10. Other than n = m = 1 and n = 1 m = 3 in otherwise of n, m
ITy,,,,. have spaning Eulerian subgraph.

Proof. 1f 11y, be unconnected graph, then the number of vertex of even order
are larger than 2 and there are vertices that connect to vertex of odd order, so
sach edge belong to triangle. If Il . be connected graph, then hase at least 2
evd-vertex and each edge belong to triangle. Then Ily;,  is Eulerian. O

Theorem 3.11. Let Ty, =< a , bla® = 1a™ =b*,b-tab=a~! >. Then I,
1. Is connected graph.

2. Is Eulerian if n = 2¥ and otherwise not Eulerian.
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L/}
3. Has Eulerian spanning subgraph.
4. V(HTM,) =1

5. If n # 1 not planar graph.

Proof. 1. Since Ilg,  is subgraph of I, and order of Il7,, 7, are 4 that join
to vertices of order even and Ilz,, is connected, then Il7, is connected.

2. If n = 2%, then Iz, is is complete graph of order 4n — 1 and degree of each
vertex is 4n — 2 and is even, so Ilr,, is Eulerian. If n = p’flpgz ...pkr degree
of vertex that order is p; equal

2n(p;™ —1)
pi*i !
That is odd and Il7,, is not Eulerian.
2n(p;* — 1)
pi*i !

3. Ilz,, has spanning Eulerian subgraph, then each edge of this sub graph is
in triangle. Eenouph that prove if e = v1v9 is edge where | v |=4,| vo |# 4
or| v1 |=| v2 |= 4 then e be in triangle. If n = 1, then Il7, is complete
graph of order 3. If n # 1 there is at least 6 vertex of order 4 inlly, and
if | v1 |=4,]| vy |# 4 then order of vy is even, then there is edge between v
and vertex of order 4 as vz, SO v3 ~ v; ~ v ~ vz and e is in triangle. If
| v1 |=| v2 |= 4 proof is similarity.

4. T, has vertex of order 2n that adjoin to all vertices, then y(IIr,, ) =1

5. Obviously Iy, is complete graph and planar. Ifn # 1 there is at least 6
vertex of order 4 so ks < Ilr,, is not planar.

O
Theorem 3.12. If n = p{'ph2 ... pfr where p; are distinct prime number and
k; € ZT, then :
(i) If n be odd :
W(HT4n> =3n

(ii) If n be even, i.e p; = 2, then:
w(lly,) = 4n — p5*p5* ... pyr

Proof. Since Ilgz,, is subgraph of Il7, and order of Ilr,, _z, are 4 that join to
vertices of order even, then clique of even vertices is largest clique of Ilp, , so
sufficient to obtainthe the number of even order.
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2n(2 — 1)

(i) The number of element of even order in Zs, is = n, then the

number of element of even order in Ilz,, is 2n+n = 3n

2n(2k1+l — 1)

CRES , then The

(ii) The number of element of even order in Zs, is

number of element of even order in Ilr,, is

2n(2M T — 1)
2k1+1

k Er

1 k
w(Ilg, ) =2n+ =2n(2 — W) =4dn — p5’ps® ... p;

Theorem 3.13.
X(HT4n) = w(HTALn)

Proof. Let n be odd, then large clique contain w(Ilz,,) = 3n vertices and remain-

ing vertices that are n — 1 and odd order coloring with 3n color. If n be even then

large clique contain w(Ily, ) = 4n fp;”p’;‘”’ ...pkr vertices where n = 2’“1p’2€2 o.phr

and p§2p§3 ..pFr < n, so
In —p§2p§3 .. .pr > 3n
and remaining vertices that are at least n — 2 and coloring with w(Ilr,, ) color and

X(HT471) = W(HT4n)

Theorem 3.14. In graph Iz, :
1. diam(Ilr,,) < 2

2. Ilz,, is line graph if and only if n = p* or n = 2% or n = 2¥p* where p is
prime.

3. If n = pi'pk2 ... pr the number of Tz, end-vertices is:

(a) If n be odd:
(P =Dy =1 ... @ = 1)

(b) If n be even i.e. p; = 2:
25+ =15 —1)... ()7 — 1)
Proof. 1. Since diamm(Ilz,, ) < 2, then by definition of Iz, , diam(Ilr, ) < 2.

2. Edge set of Il7,, can be partitioned in to a set of clique with the property
that any vertex lies in at most two clique if and only if n be n = p* or n = 2*
or n = 2¥p* by theorem 1.7.2 of 3] proof complete.
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3. The number of Ily,, end-vertices is equal with the number of Iz, end-
vertices that is number of vertices that pips - - - p, divides them order and
is (pfr — 1)(ph? — 1)...(pF* — 1) when n is odd and is (2¥+1 — 1)(ph2 —
1)...(pFr — 1) when n is even.

O

Theorem 3.15. Let SDg, =< a , bla?™ = b* = 1,bab = a®~!. Then lgp,,
1. Is connected graph.

2. If n=2% (0 < k € Z) llgp,, is Eulerian and otherwise is not Eulerian
graph

3. Iy, has Eulerian spanning subgraph.

4. 7(Van) =1

Proof. Since Ilz,, is sub graph of Ilsp,, and order of Ilgp,, —z,, vertex are
even(2n vertex of order 2 and 2n vertex of order 4) that join to vertices of even
order, then this graph has specifications of Iz, O

Theorem 3.16. Let n = p’f1p§2 - pkr then

1. If n is odd
w(HSDSn) =Tn

2. If nis even ie. p; =2

ko k
w(ILspg, ) = 8n — py°ps® - - 'P]:T

Proof. The number of element s of odd order in Igp,, is py*---pfr — 1. Then
clique number of IIsp,, is the number of vertices that order is even that is
8n—1 —p§2p§3~~-pfr -1

then

w(Ispy,) = 8n — ph>ph - pkr

Corollary 3.17.
X(spy,) = w(lspy,)

Proof. By before theorem 7n < w(Ilgp,, ), then vertices that remaining of largest
clique are coloring with 7n color, then

X(HSDSn ) = W(HSDSn )
O
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